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CONIC KA¨HLER-EINSTEIN METRICS ALONG SIMPLE NORMAL
CROSSING DIVISORS ON FANO MANIFOLDS
AIJIN LIN AND LIANGMING SHEN
Abstract. We prove that on one Ka¨hler-Einstein Fano manifold without holomorphic
vector fields, there exists a unique conical Ka¨hler-Einstein metric along a simple normal
crossing divisor with admissible prescribed cone angles. We also establish a curvature
estimate for conic metrics along a simple normal crossing divisor which generalizes Li-
Rubinstein’s curvature estimate for one divisor case.
1. Introduction
Conic Ka¨hler metrics are very useful in the study of Ka¨hler geometry. Recently there
are a lot of works on this topic [1] [4] [5] [15] [16] [17] [18] [22] [25] [26] [32] [38] [40] [41].
It played a crucial role in the solution to Yau-Tian-Donaldson Conjecture [37] [7] [8] [9]
on Fano manifolds. In this solution one important part is the analysis of the continuity
path of the cone angle, which has been studied in [15]. The idea is to investigate the
behavior of the solutions to conical Ka¨hler-Einstein metrics as the angle tends to 1. Then
the stability condition guarantees that the solution could be extended, which generates
a smooth Ka¨hler-Einstein metric. On the other hand, we can consider the existence of
conical Ka¨hler-Einstein metrics assuming the existence of smooth Ka¨hler-Einstein metrics,
which could be studied along the continuity path of decreasing cone angles. Related works
in this direction could be found in [22] [32] [40] in case of one smooth divisor. In [32], Song-
Wang also considered the case of simple normal crossing divisors on toric Fano manifolds.
In this paper, we consider the general situation of simple normal crossing divisors and our
main result is as below, which could be thought as the generalization of Theorem 1.1 of
[22]:
Theorem 1.1. Given a Fano manifold (M,ω0) without holomorphic vector fields where
[ω0] = c1(M), which admits a Ka¨hler-Einstein metric ωKE satisfying Ric(ωKE) = ωKE.
For one simple normal crossing divisor D =
m∑
r=1
Dr where each Dr is semi-ample, and a
sequence of positive rational numbers c1, · · · , cm which satisfy that
m∑
r=1
cr[Dr] = c1(M). (1.1)
If for all r = 1, · · · , m it holds that cr > 1 or
λr := inf{λ > 0|λK−1M − [Dr] > 0} ≥
n
n+ 1
1
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when cr = 1, then for µ, β1, · · · , βm ∈ (0, 1) which satisfy
1− βr = (1− µ)cr, (1.2)
there exists a unique C2,α,B conical Ka¨hler-Einstein metric in c1(M) with cone angle 2πβr
along each irreducible divisor Dr for r = 1, · · · , m for some α ∈ (0, 1) depending on
B := (β1, · · · , βm).
We recall that a Ka¨hler (1, 1)-current ω is a conic metric along the simple normal divisor
D =
m∑
r=1
Dr with cone angle βr along each irreducible divisor Dr if it is smooth outside
the divisor D and equivalent to the standard conic metric
ωcone =
√−1
(
m∑
r=1
dzr ∧ dz¯r
|zr|2(1−βr) +
n∑
r=m+1
dzr ∧ dz¯r
)
(1.3)
The study of such metrics is related to klt singularities in algebraic geometry. However
in this general setting even the linear theory developed in [15] [18] is unclear to hold so
the continuity method and a prior C0-estimate in [18] for smooth divisor case cannot
be adapted directly. Alternately, we will make use the approximation method developed
in [37] [26] [40], to construct smooth solutions to the complex Monge-Ampere equations
which approximate the conical Monge-Ampere equation associated to the conical Ka¨hler-
Einstein metric along a simple normal crossing divisor. To obtain the solutions, we need
to derive the properness of perturbed energy functionals, e.g., Ding energy or Mabuchi
energy from the existence of smooth Ka¨hler-Einstein metric. We also need to establish
a uniform C0-estimate for the approximating solutions and then deduce a unique weak
solution to conical Monge-Ampere equation by Berndtsson’s uniqueness theorem [3].
However, the approximation method can only guarantee the existence of weak solution
to conical Monge-Ampere equation. To establish the regularity of the solution we first
need to establish the Laplacian estimate of the solution. In case of one irreducible divisor
[18] this estimate comes from an application of Chern-Lu’s Inequality [24] which requires
a bisectional upper bound estimate of the background conic metric by Li-Rubinstein (see
the appendix of [18] or C. Li’s thesis [21]). In simple normal crossing case the curvature
estimate is much more complicated. In [5] [16] Campana, Guenancia and Paun construct
an approximating sequence of background conic metric. As their metrics do not have
a uniformly curvature bound from any side they need more complicated calculations to
derive the Laplacian estimate. Alternately in [12] Datar-Song gave a simple Laplacian
estimate depending on Li-Rubinstein’s curvature estimate, which we will use in this paper.
Actually we note that if the linear theory for multiple divisors case is established we could
still derive a Laplacian estimate by generalizing Li-Rubinstein’s curvature estimate:
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Theorem 1.2. For a Ka¨hler manifold M with a simple normal crossing divisor consisting
of m irreducible divisors Dr, r = 1, · · · , m on M, suppose we have a conic metric
ω = ω0 +
m∑
r=1
√−1∂∂¯||Sr||2βrr
with cone angle 2πβr along each irreducible divisor Dr. Then we have two cases:
(1)for either all cone angles βr ≤ 12 or D is composed by irreducible divisors free of triple
singularities, the bisectional curvature of ω is uniformly bounded from above on M \D.
(2)for D containing higher multiple singularities, there exists a smooth potential function
ϕ0 such that ω +
√−1∂∂¯ϕ0 is a conic Ka¨hler metric which is equivalent to ω and its
bisectional curvature is uniformly bounded from above on M \D.
Remark 1.3. By Y. Rubinstein and the author’s computation, until now we can only
obtain the upper bisectional curvature bound for the case that either all cone angles βi ≤ 12
or D is composed by irreducible divisors free of triple singularity, which is just the first
part of 1.2. The problem for higher multiple singularities is that near such singularities,
the diagonal terms of the background metric ω0 cannot supply enough control over its non-
diagonal terms. However, if we add a smooth function ϕ0 to enlarge the diagonal terms
then such control can be achieved. In this sense the two conclusions could be combined as
we can set ϕ0 = 0 in the first case. Although this setting changes the original background
metric, as the modified metric is still equivalent to the original one, the Laplacian estimate
can still be established by Chern-Lu’s Inequality under the settings of [18].
Finally, the C2,α,B-estimate could be derived by Tian’s beautiful estimate in [38]. The
simple normal crossing case could also be derived by some generalizations for which we
will give main steps and the readers can see [28] which established a parabolic estimate
in more details.
Acknowledgment. First of all the authors want to thank their advisor Professor Gang
Tian for suggesting this problem and a lot of guidance and encouragement. They want to
thank Professor Xiaohua Zhu for a lot of discussions on conic metric problems. Moreover
the second author wants to thank Professor Zhiqin Lu, Rafe Mazzeo, Yanir Rubinstein
and Xiaowei Wang for very help discussions on this work. The first author was partially
supported by the NSFC Grant 11401578 and part of this work is based upon work sup-
ported by the National Science Foundation under Grant No. DMS-1440140 while the
second author was in residence at the Mathematical Sciences Research Institute in Berke-
ley, California, during the Spring 2016 semester. Finally the authors want to thank the
referee for his useful suggestions.
2. Basic setting, energy functionals and log α-invariants
As [37], first we need to derive a complex Monge-Ampere equation from the equation
(1.1) and conical Ka¨hler-Einstein condition. We know that a simple normal crossing
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divisor D =
m∑
r=1
Dr is consisting of m irreducible divisors which can be written as Dr =
{zr = 0} locally. Denote Sr as the defining holomorphic section of Dr and || · ||r as the
Hermitian metric defined on the holomorphic line bundle [Dr]. By (1.1) (1.2) we have that
m∑
r=1
(1− βr)R(|| · ||r) = (1− µ)(ω0 +
√−1∂∂¯h), (2.1)
where R(|| · ||r) is the curvature of || · ||r and h is a smooth function. Suppose ωc =
ω0 +
√−1∂∂¯ϕ is the required conical Ka¨hler-Einstein metric, then by equations above it
satisfies
Ric(ωc) = µωc +
m∑
r=1
2π(1− βr)[Dr] (2.2)
If the background metric ω0 satisfies
Ric(ω0) = ω0 +
√−1∂∂¯h0,
where h is a smooth function satisfies
∫
M
(eh − 1)ωn0 = 0, then from above equations we
could derive a conical Monge-Ampere equation for ϕ :
(ω0 +
√−1∂∂¯ϕ)n = eh0−(1−µ)h−µϕ−
∑m
r=1(1−βr) log ||Sr||2+aµωn0 , (2.3)
where aµ is a constant satisfying∫
M
(eh0−(1−µ)h−
∑m
r=1(1−βr) log ||Sr||2+aµ − 1)ωn0 = 0.
Note that in [18] [22] they applied continuity method to solve such conical Monge-Ampere
equation. Actually their works highly rely on the linear theory with respect to the stan-
dard conic metric along one smooth divisor. For simple normal crossing divisors such
linear theory is not known yet. Alternately, we try to establish the existence of the so-
lution by approximating method in [37] [26] [40]. Basically, we can perturb the equation
(2.3) to the following smooth equation:
(ω0 +
√−1∂∂¯ϕǫ)n = eh0−(1−µ)h−µϕǫ−
∑m
r=1(1−βr) log(||Sr||2+ǫ)+aµ,ǫωn0 , (2.4)
where aµ,ǫ is a constant satisfying∫
M
(eh0−(1−µ)h−
∑m
r=1(1−βr) log(||Sr||2+ǫ)+aµ,ǫ − 1)ωn0 = 0.
Our strategy is to solve this approximating equation and try to obtain the compactness
of the approximating solutions. To achieve this goal, as [35] [37] we will introduce cor-
responding energy functionals, analyze the properness, and finally establish the uniform
C0-estimate.
Recall in [10] [11] [35], we have the following energy functionals for ϕ ∈ PSH(M,ω0):
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Definition 2.1.
(1)Jω0(ϕ) =
1
V
n−1∑
i=0
i+ 1
n+ 1
∫
M
√−1∂ϕ ∧ ∂¯ϕ ∧ ωi0 ∧ ωn−i−1ϕ ,
(2)Iω0(ϕ) =
1
V
∫
M
ϕ(ωn0 − ωnϕ),
where V =
∫
M
ωn0 , ωϕ = ω0 +
√−1∂∂¯ϕ.
There are some nice properties of those functionals, see [36] for more details. Then we
can introduce the twisted Ding functional and the twisted Mabuchi functional (see [18]
[22] [26]), which are the Lagrangians of the conical Monge-Ampere equation (2.3). For
simplicity here we set
H0,µ = h0 − (1− µ)h−
m∑
r=1
(1− βr) log ||Sr||2r + aµ,
and we can choose a family ϕt connected 0 and ϕ ∈ PSH(M,ω0) :
Definition 2.2. (1) We define twisted Ding functional as
Fω0,µ(ϕ) = Jω0(ϕ)−
1
V
∫
M
ϕωn0 −
1
µ
log
(
1
V
∫
M
eH0,µ−µϕωn0
)
, (2.5)
(2) we define twisted Mabuchi functional as
νω0,µ(ϕ) =−
n
V
∫ 1
0
∫
M
ϕ˙t(Ric(ωϕ)− µωϕ −
m∑
r=1
2π(1− βr)[Dr]) ∧ ωn−1ϕ dt
=
1
V
∫
M
log
ωnϕ
ωn0
ωnϕ +
1
V
∫
M
H0,µ(ω
n
0 − ωnϕ)− µ(Iω0(ϕ)− Jω0(ϕ))
=
1
V
∫
M
log
ωnϕ
ωn0
ωnϕ +
1
V
∫
M
H0,µ(ω
n
0 − ωnϕ) + µ(F 0ω0(ϕ) +
1
V
∫
M
ϕωnϕ),
where
F 0ω0(ϕ) = Jω0(ϕ)−
1
V
∫
M
ϕωn0 .
In [35], Tian pointed out that the C0-estimate for the Ka¨hler-Einstein problem could
be established if the Ding functional or the Mabuchi functional is proper. Similarly, to
establish the uniform C0-estimates for the approximating equation (2.4), we need to check
the properness of the corresponding Ding functionals or Mabuchi functionals, which could
be derived from the properness of corresponding twisted functionals. First, we recall the
definition of the properness:
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Definition 2.3. Suppose the twisted Ding functional Fω0,µ(ϕ)(twisted Mabuchi functional
νω0,µ(ϕ)) is bounded from below, i.e. Fω0,µ(ϕ) ≥ −cω0 (νω0,µ(ϕ) ≥ −cω0), we say it
is proper on PSH(M,ω0), if there exists an increasing function f : [−cω0 ,∞)→R, and
limt→∞ f(t) =∞, such that for any ϕ ∈ PSH(M,ω0), we have
Fω0,µ(ϕ) ≥ f(Jω0(ϕ)) (νω,µ(ϕ) ≥ f(Jω0(ϕ))).
There are a lot of properties of these functionals, for more details, see [36] [22]. The
main result of this section is the properness of the twisted Ding functional assuming the
conditions in Theorem 1.1:
Theorem 2.4. Assume the conditions of Theorem 1.1, then Fω0,µ(ϕ) is proper with respect
to Jω0(ϕ), more precisely, there exists an η > 0 and a constant Cη such that
Fω0,µ(ϕ) ≥ ηJω0(ϕ)− Cη. (2.6)
To prove this theorem, we will adapt the interpolation method using in [22] [32]. First,
dut to the existence of the Ka¨hler-Einstein metric ωKE and no holomorphic vector field
condition, we derive that
Fω0(ϕ) ≥ η′Jω0(ϕ)− Cη′
for some positive constants η′, Cη′ by [35], where
Fω0(ϕ) = Jω0(ϕ)−
1
V
∫
M
ϕωn0 − log
(
1
V
∫
M
eh0−h−ϕ+aωn0
)
is the original Ding functional corresponding to smooth Monge-Ampere equation. To
apply the interpolation, we also need to find a group of small data µ, β1, · · · , βm such
that the corresponding properness holds. That could be done by generalizing Berman’s
log α-invariant estimate [1], which is the generalization of Tian’s α-invariant [33]. First
we introduce the definition of log α-invariant:
Definition 2.5. Fix a smooth volume form vol, for any Ka¨hler class [ω0], we define log
α-invariant as below:
α([ω], D,B) = sup{α > 0 : ∃Cα <∞ s.t. 1
V
∫
M
eα(sup φ−φ)vol∏m
r=1 ||Sr||2(1−βr)
≤ Cα
for any φ ∈ PSH(M,ω0)}.
For the estimate of the log α-invariant in case of simple normal crossing divisors, we
have the following lemma:
Lemma 2.6. For data µ, βr, λr where 1 ≤ r ≤ n in the main theorem, we have
α([ω], D,B) ≥ min{λ1β1, · · · , λmβm, α(K−1M ), α(K−1M |∩rDr)}. (2.7)
Proof. Similar to Berman’s estimate [1], by Demailly’s criterion [14], it suffices to prove
the integrability in the definition for the functions log ||σk||
2
k
for each positive integer k
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where σk ∈ H0(kK−1M ). For each σk there exists nonnegative integers l1, · · · , lm such that
σk =
l∏
r=1
s⊗lrr ⊗ σ′,
where σ′ does not vanish identically on each irreducible component Dr. For t > 0 we have
that
e−t
log ||σk||
2
k∏m
r=1 ||Sr||2(1−βr)
=
e−t
log ||σ′||2
k∏m
r=1 ||Sr||2(1−βr+
tlr
k
)
. (2.8)
In case that σ′ ≡ 1, by the definition of λr we have lrk ≥ 1λr thus for any δ > 0 if t < λrβr−δ,
the integral of (2.8) over M is finite. On the other hand, as σ′ does not vanish identically
on each irreducible component Dr, the zero set of σ
′ have at least complex codimension
1 on each Dr. Meanwhile deg σ
′ ≤ k deg K−1M , we have that log ||σ
′||2
k
∈ PSH(M,ω0).
Similar to Berman’s estimate, by Ohsawa-Takegoshi extension theorem we have that for
each δ′ > 0 and a small neighborhood U of the divisor D =
m∑
r=1
Dr it holds that
∫
U
e−t
log ||σ′||2
k∏m
r=1 ||Sr||2(1−δ′)
≤ Cδ′
∫
∩rDr
e−t
log ||σ′||2
k .
Thus whenever t ≤ min{λ1β1, · · · , λmβm, α(K−1M |∩rDr)} − δ the integral over U is finite.
On M \ U the denominator is uniformly bounded so whenever
t ≤ min{λ1β1, · · · , λmβm, α(K−1M ), α(K−1M |∩rDr)} − δ
the integral is finite. Combine these cases, the lemma is concluded. 
Given an α > 0 such that
1
V
∫
M
eα(supϕ−ϕ)+h0−(1−µ)h+aµωn0∏m
r=1 ||Sr||2(1−βr)
≤ Cα,
we could derive that
logCα ≥ log
(
1
V
∫
M
e
α(supϕ−ϕ)+H0,µ−log
ωnϕ
ωn
0 ωnϕ
)
≥ α
V
∫
M
(supϕ− ϕ)ωnϕ +
1
V
∫
M
H0,µω
n
ϕ −
1
V
∫
M
log
ωnϕ
ωn0
ωnϕ
≥ αIω0(ϕ) +
1
V
∫
M
H0,µ(ω
n
ϕ − ωn0 ) +
1
V
∫
M
H0,µω
n
0 −
1
V
∫
M
log
ωnϕ
ωn0
ωnϕ,
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then by the expression of th twisted Mabuchi functional, we have that
νω0,µ(ϕ) =
1
V
∫
M
log
ωnϕ
ωn0
ωnϕ +
1
V
∫
M
H0,µ(ω
n
0 − ωnϕ)− µ(Iω0(ϕ)− Jω0(ϕ))
≥αIω0(ϕ)− µ(Iω0(ϕ)− Jω0(ϕ)) + C ′α
≥(α− n
n + 1
µ)Iω0(ϕ) + C
′
α.
Thus if we want to obtain the properness of the twisted Mabuchi functional we only need
to make α− n
n+1
µ > 0. By Lemma 2.6 we want to find µ > 0 such that
min{λ1β1, · · · , λmβm, α(K−1M ), α(K−1M |∩rDr)} >
n
n + 1
µ.
It is easy to see if µ is small enough we have that α(K−1M ), α(K
−1
M |∩rDr) > nn+1µ. It remains
to prove that for sufficiently small µ > 0 and all r, it holds that λrβr >
n
n+1
µ, which is
equivalent to
0 < λr(1− (1− µ)cr)− n
n+ 1
µ = λr(1− cr) + (λrcr − n
n+ 1
)µ,
thus we have that
Proposition 2.7. In case that cr < 1 or cr = 1 with λr >
n
n+1
, for sufficiently small
µ > 0 the corresponding twisted Mabuchi functional νω0,µ(ϕ) is proper.
Recall that in [21] [26] the properness of twisted Mabuchi functional implies the proper-
ness of the corresponding twisted Ding functional, which implies the properness of the
twisted Ding functional when µ > 0 sufficiently small. To derive the properness of all
µ ∈ (0, 1) we need such a lemma from [22] [26]:
Lemma 2.8. Suppose 0 < µ0 < µ1, write µ = (1− t)µ0 + tµ1 where 0 ≤ t ≤ 1, we have
µFω0,µ(ϕ) ≥ (1− t)µ0Fω0,µ0(ϕ) + tµ1Fω0,µ1(ϕ).
The proof is an easy application of the concavity of logarithmic functions. By this
lemma, we obtain the properness of the twisted Ding functional for all µ ∈ (0, 1). The
Theorem 2.4 is followed.
3. Approximation procedure, uniform C0-estimate and convergence
In the last section, we obtained the properness of the twisted Ding functional for any
data µ, β1, · · · , βm satisfying the condition of Theorem 1.1. Now we expect to establish
the existence of corresponding conical Ka¨hler-Einstein metric. Recall that in smooth
case [35] and one smooth divisor case [18] [22] [32], they applied continuity method.
One key ingredient is the linear theory of Laplacian in ordinary and conical along one
smooth divisor case. As such linear theory is still unknown in simple normal crossing
divisor case, in [2] they used pluripotential approach to obtain the existence of weak
solution. Now we expect to use approximation approach to establish the existence and
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regularity of such solutions. Recall that we consider the solution to the equation (2.4).
We want to establish uniform estimates for such solutions and prove that the solutions
converge to the solution to the original conical Monge- Ampere equation (2.3). Actually
this approximation approach was first used by Tian [37] to approximate conical Ka¨hler-
Einstein metric and later in [26] it was used to approximate conic metrics with lower
Ricci curvature bound. As (2.4) is an ordinary smooth Monge-Ampere equation, we could
apply classical continuity method to solve this equation. More precisely, we consider the
following equation:
(ω0 +
√−1∂∂¯ϕǫ,t)n = eh0−(1−µ)h−tϕǫ,t−
∑m
r=1(1−βr) log(||Sr ||2+ǫ)+aµ,ǫωn0 , (3.1)
for t ∈ [0, µ]. Suppose E ∈ [0, µ] is the solvable set for t. First, when t = 0 by Yau’s
solution to Calabi conjecture [42], it is solvable so 0 ∈ E. Next, we know the linear
operator at some t ∈ E is ∆t + t, where ∆t is the Laplacian with respect to the metric
ωǫ,t := ω0 +
√−1∂∂¯ϕǫ,t. Thus we have the following inequality for the Ricci curvature of
ωǫ,t :
Ric(ωǫ,t) =ω0 + (1− µ)
√−1∂∂¯h+ t√−1∂∂¯ϕǫ,t +
r∑
r=1
(1− βr)
√−1∂∂¯ log(||Sr||2 + ǫ)
=µω0 + t
√−1∂∂¯ϕǫ,t +
r∑
r=1
(1− βr)(
√−1∂∂¯ log(||Sr||2 + ǫ) +R(|| · ||r))
=tωǫ,t + (µ− t)ω0 +
r∑
r=1
(1− βr)(ǫR(|| · ||r)||Sr||2 + ǫ +
ǫ
√−1DSr ∧DSr
(||Sr||2 + ǫ)2 )
>tωǫ,t,
where the inequality holds as all Dr are semi-ample. By Bochner’s formula, we know that
the linear operator ∆t + t is invertible thus E is open.
The most difficult part is the closeness, i.e., the uniform C0-estimate for ϕǫ,t for each
t > 0. To establish such estimate, we will prove the properness of corresponding Ding
functionals and obtain a uniform upper bound for them. Thus we can give a uniform
bound for Jω0(ϕǫ,t) which implies the uniform C
0-bound for ϕǫ,t.
We set
H0,µ,ǫ = h0 − (1− µ)h−
m∑
r=1
(1− βr) log(||Sr||2r + ǫ) + aµ,ǫ,
then by the choice of aµ,ǫ we know that
∫
M
(eH0,µ,ǫ − 1)ωn0 = 0. Now we define the approx-
imating Ding functional as following:
Fµ,ǫ(ϕ) := Jω0(ϕ)−
1
V
∫
M
ϕωn0 −
1
µ
log(
1
V
∫
M
eH0,µ,ǫ−µϕωn0 ), (3.2)
which is the Lagrangian of the approximating equation (2.4). Recall the computation in
[35], suppose ϕǫ,t solves the equation (3.1), take the derivative of both sides of (3.1) we
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have that
∆ǫ,tϕ˙ǫ,t = −ϕǫ,t − tϕ˙ǫ,t,
where ∆ǫ,t is the Laplacian with respect to ωǫ,t = ω0 +
√−1∂∂¯ϕǫ,t. Consequently,
d
dt
(t(Jω0(ϕǫ,t)−
1
V
∫
M
ϕǫ,tω
n
0 )) = Jω0(ϕǫ,t)−
1
V
∫
M
ϕǫ,tω
n
0 −
t
V
∫
M
ϕ˙ǫ,tω
n
ǫ,t
= Jω0(ϕǫ,t)−
1
V
∫
M
ϕǫ,t(ω
n
0 − ωnǫ,t)
= −(Iω0(ϕǫ,t)− Jω0(ϕǫ,t)) ≤ 0.
Integrate from 0 to t and make use of the concavity of logarithmic function we deduce
that
Fµ,ǫ(ϕǫ,t) ≤ −1
µ
log(
1
V
∫
M
eH0,µ,ǫ−µϕǫ,tωn0 )
= −1
µ
log(
1
V
∫
M
eH0,µ,ǫ−tϕǫ,t−(µ−t)ϕǫ,tωn0 )
≤ −µ− t
µ
1
V
∫
M
ϕǫ,tω
n
ǫ,t.
As for each t ≥ t0 > 0, it holds that Ric(ωt,ǫ) > tωt,ǫ ≥ t0ωt,ǫ and the volume is fixed,
we could have a uniform control of the Sobolev constant and the first eigenvalue. Thus it
follows from standard Moser’s iteration that
− inf
M
ϕǫ,t ≤ C(C ′ + 1
V
∫
M
ϕǫ,tω
n
ǫ,t),
where all constants depends on t0. As infM ϕǫ,t by the normalization condition we obtain
that
Fµ,ǫ(ϕǫ,t) ≤ C. (3.3)
As n +∆0ϕǫ,t = trω0ωǫ,t > 0, by standard Green formula it holds that
sup
M
ϕǫ,t ≤ c+ 1
V
∫
M
ϕǫ,tω
n
0 .
Combine these two estimates for ϕǫ,t we have that
oscMϕǫ,t = sup
M
ϕǫ,t − inf
M
ϕǫ,t ≤ C(1 + Iω0(ϕǫ,t)) ≤ (n+ 1)C(1 + Jω0(ϕǫ,t)). (3.4)
Now considering that
H0,µ,ǫ = h0 − (1− µ)h−
m∑
r=1
(1− βr) log(||Sr||2r + ǫ) + aµ,ǫ
≤ h0 − (1− µ)h−
m∑
r=1
(1− βr) log ||Sr||2r + aµ,ǫ = H0,µ − aµ + aµ,ǫ,
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as aµ,ǫ and aµ are uniformly bounded, it is easy to obtain the properness of the approxi-
mating Ding functional from Theorem 2.4 :
Fµ,ǫ(ϕ) ≥ ηJω0(ϕ)− C ′η. (3.5)
Combine (3.3) (3.4) (3.5) and note that by normalization condition
sup
M
ϕǫ,t ≥ 0, inf
M
ϕǫ,t ≤ 0,
we obtain that |ϕǫ,t| ≤ C(t0) for t ≥ t0 > 0. Thus the solvable set E is close for each
ǫ > 0. To summarize, we have that
Theorem 3.1. For each ǫ > 0 there exists a unique smooth solution ϕǫ to (2.4) such that
ωǫ = ω0 +
√−1∂∂¯ϕǫ have uniform lower Ricci curvature bound µ. Moreover, |ϕǫ| ≤ C
which is independent of ǫ.
By the uniform C0-estimate for the approximating solutions ϕǫ for any ǫ > 0, we can
prove that there exists one subsequence converging to a weak solution of the conical
Monge-Ampere equation (2.3) and such weak solution is unique.
First, by Kolodziej’s Ho¨ldr estimate [20], we derive that ||ϕǫ||Cα is uniformly bounded
for some α ∈ (0, 1) from Theorem 3.1. Thus there exists a subsequence of ϕǫ which
converge to a function ϕ ∈ PSH(M,ω0) ∩ L∞(M) such that ϕ is a weak solution to the
equation (2.3) in distribution sense. By Berndtsson’s uniqueness theorem [3], the weak
solution to (2.3) is unique. Moreover, by Chern-Lu’s Inequality [24], as Ric(ωǫ) ≥ µωǫ,
we have that
∆ǫ log trωǫω0 ≥ −a trωǫω0,
where ∆ǫ is the Laplacian of ωǫ and a is the upper bound of the bisectional curvature of
ω0. Then put
u = log trωǫω0 − (a+ 1)ϕǫ
then by the inequality above we obtain that
∆ǫu ≤ eu−(a+1)c − n(a + 1),
which implies u ≤ C by maximal principle, so we have c1ω0 ≤ ωǫ. By the equation (2.3),
we obtain that
c1ω0 ≤ ωǫ ≤ c2ω0∏m
r=1(||Sr||2 + ǫ)(1−βr)
.
By standard high order estimate, we have that
||ϕǫ||Cl(K) ≤ C(l, K)
uniformly on each compact set K ∈M \D, which implies
Proposition 3.2. ωǫ converges to ωϕ = ω0 +
√−1∂∂¯ϕ in current sense, and the conver-
gence is C∞ on each compact set K ∈M \D. Moreover ωϕ is smooth outside the divisor
D.
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4. Higher regularities
Assuming the existence of L∞ weak solution to (2.3), the next step is to establish the
Laplacian estimate, i.e., the equivalence of the metric ωϕ and the standard conic metric
ωbg := ω0 + ǫ
m∑
r=1
√−1∂∂¯||Sr||2βr .
In one irreducible divisor case, Brendle proved the C3-estimates in [4] using Calabi’s esti-
mate when β < 1
2
. For any β < 1, in [18] the Laplacian estimate follows from Chern-Lu’s
Inequality based on Li-Rubinstein’s upper bisectional curvature bound estimate for stan-
dard type conic metrics. In simple normal crossing divisor case, one way is to set up a
new approximating approach [5] [16]. However as the approximating conic metrics have
no uniform control of bisectional curvature from either above or below, they need to es-
tablish a much more complicated Laplacian estimate based on Paun’s trick. In this paper
we will adapt Datar-Song’s simpler estimate [12] which based on Li-Rubinstein’s estimate
to obtain the Laplacian estimate. The basic idea is that for each r keep the divisor Dr
component and regularize other components, then compare each approximating solution
metric with standard conic metrics along Dr with cone angle 2πβr by Li-Rubinstein’s
curvature estimate and finally the Laplacian estimates follow from these. And we will
discuss another possible approach to the Laplacian estimates based on our new curvature
estimate after the proof of Theorem 1.2.
In Fano case as [12] [16], for the solution ϕ ∈ PSH(ω0) to (2.3), we use Demailly’s
approximation to construct a smooth sequence φj ∈ PSH(ω0) such that φj ց ϕ. Now
consider the approximating equation of (2.3):
(ω0 +
√−1∂∂¯ϕj)n = eh0−(1−µ)h−µφj−
∑m
r=1(1−βr) log ||Sr||2+aµ,jωn0 , (4.1)
where aµ,j is normalization constants and converges to aµ. It follows from Kolodziej’s
works [19] [20] that |ϕj| ≤ C uniformly and |ϕj −ϕ|C0 → 0. Thus the Laplacian estimate
for ϕ will follow from uniform Laplacian estimate for ϕj. In the following for simplicity
we drop the index j from (4.1). As [12], denote
fi :=
m∑
r 6=i
(1− βr) log ||Sr||2 − (h0 − (1− µ)h− µφ+ aµ).
Then as there exists large enough A such that Aω0+
√−1∂∂¯fi > 0, by Demailly’s approx-
imation, we can find a smooth sequence of functions Fi,k ց fi and consider the following
equation:
ωni,k := (ω0 +
√−1∂∂¯ϕi,k)n = e
−Fi,k+ci,kωn0
||Si||2(1−βi) , (4.2)
with supϕi,k = 0, where ci,k is normalization constants. By [18] there exists ϕi,k ∈ C2,α,βi
for some α ∈ (0, 1). Integrate both sides it follows that ci,k are uniformly bounded. As the
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right side of (4.2) is uniformly bounded in L1+ǫ for some ǫ > 0, by Kolodziej’s estimate
[19] |ϕi,k|C0 are uniformly bounded. Moreover as e
−Fi,k+ci,kωn0
||Si||2(1−βi) →
e−fiωn0
||Si||2(1−βi) uniformly in L
1
by Kolodziej’s stability [20] it follows that ϕi,k → ϕ uniformly in C0 for each i and k →∞.
Now as ϕi,k ∈ C2,α,βi, write the standard conic metric ωbg,i := ω0 + ǫ
√−1∂∂¯||Si||2βi
with angle 2πβi along Di, it follows that trωi,kωbg,i is bounded. Then consider
Qi,k := log(||Si||2δtrωi,kωbg,i)−A(ϕi,k − ǫ||Si||2βi),
where δ, A > 0, as Ric(ωi,k) ≥ −Cωbg,i by (4.2) for uniform constant C, and the bisectional
curvature of ωbg,i is bounded above by C
′ on M \Di by Li-Rubinstein’s estimate [18], it
follows from Chern-Lu’s Inequality that
∆Qi,k ≥ (A− C ′)trωi,kωbg,i + δtrωi,kR(|| · ||i)− An.
As trωi,kωbg,i is bounded and δ > 0, Q tends to −∞ near Di which implies that the
maximal value of Qi,k is attained at some point p ∈ M \Di. Thus by maximal principle,
at the maximal point of Qi,k it holds that
(A− C ′)trωi,kωbg,i + δtrωi,kR(|| · ||i)−An ≤ 0.
As all R(|| · ||i) ≥ 0, by taking A ≥ C ′ + 1 we have trωi,kωbg,i ≤ C ′′ for some uniform
constant C ′′ at that point which is independent of k. Thus Qi,k ≤ C ′′′ for some uniform
constant C ′′′ and it follows that
trωi,kωbg,i ≤
1
c||Si||2δ
for some uniform constant c > 0. Let δ tend to 0, we will have that ωi,k ≥ cωbg,i. Take the
limit as k →∞ it holds that ωϕ = ω0+
√−1∂∂¯ϕ ≥ cωbg,i in current sense. Thus it follows
that ωϕ ≥ c′ωbg. Considering the Monge-Ampere equation (2.3) and letting φi ց ϕ, we
will have
Proposition 4.1. There exist C1, C2 > 0 such that C1ωbg ≤ ωϕ ≤ C2ωbg.
Finally, to finish the proof of Theorem 1.1 we need to establish a C2,α,B-estimate for the
solution ϕ, i.e., to show
√−1∂∂¯ϕ is Cα with respect to the standard conic metric ωcone.
By [4] in one smooth divisor case if β < 1
2
we can even show that ||ϕ||C3 is bounded using
Calabi’s 3rd order estimate, because in this case the bisectional curvature is uniformly
bounded outside the divisor. Actually this result could be generalized to simple normal
crossing divisors whose cone angles are all smaller than 1
2
as the bisectional curvature
is also uniformly bounded outside the divisor by the proof of Theorem 1.2 in the next
section. However, in case that β ≥ 1
2
one can only have theCα-bound for
√−1∂∂¯ϕ where
α ∈ (0,min{ 1
β
−1, 1}). Based on Tian’s 3rd order estimate [38], we could establish similar
estimates in general simple normal crossing case. Most of the details are parallel to [38]
which works for one divisor case. We will sketch the main steps to establish such estimate.
We refer [28] for more details in case of simple normal crossing divisor case when some
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angle βr >
1
2
as the conical Ka¨hler-Einstein metric can also be considered as the stationary
case of the conical Ka¨hler-Ricci flow in [28]:
Proposition 4.2. If the solution ϕ of conical Monge-Ampere equation (2.3) satisfies that
C1ωbg ≤ ωϕ ≤ C2ωbg, then for any point p ∈M, r < 1 and α ∈ (0,min{1, 1β1 −1, · · · , 1βm −
1}) there exists a constant Cα > 0 such that∫
Br(p)
|∂∂¯∂ϕ|2ωncone ≤ Cαr2n−2+2α.
Moreover,
√−1∂∂¯ϕ is Cα-bounded.
Given this proposition the proof of Theorem 1.1 is complete. In the following we sketch
the main steps. For simplicity we deduce the equation (2.3) to the form
det(uij¯) =
eF∏m
i=1 ||Si||2(1−βi)
(4.3)
where
√−1∂∂¯F is uniformly bounded with respect to ωbg by the above Laplacian esti-
mates. Consider the ball BB(r) in Cm×Cn−m with coordinates (w1, · · · , wm, w′) satisfying
m∑
i=1
|wi|2 + |w′|2 ≤ r2 and wi = ρie
√−1θi for ρi ∈ [0, r], θi ∈ [0, 2πβi].
Actually this ball is the geometric model of the conic region near the simple normal
crossings and there exists a natural map from BB(r) to a region in Cn that is defined
by w1 =
1
β1
zβ11 , · · · , wm = 1βmzβmm , wm+1 = zm+1, · · · , wn = zn. Under these coordinates
we can redefine the standard conic metric in (1.3) as ωB :=
√−1
m∑
i=1
dwi ∧ dw¯i. Basically
all the derivatives of u are taken with respect to such coordinates and we denote U ij :=
det(ukl¯)u
ij¯, then we have following elementary facts:
Lemma 4.3. (Lemma 2.1-2.2 [38]) (1)For each j, it holds that U ij¯i = 0; (2) For any
positive λ1, · · ·λn, it holds that
| λ
λi
ui¯i − det(upq¯)− (n− 1)λ| ≤ C
∑
i,j
|uij¯ − λiδij |2.
Next we could generalize the Sobolev Inequality for one divisor case (Lemma 2.3 [38])
to the simple normal crossing case:
Lemma 4.4. There is a constant CB which depends on β1, · · ·βm such that for any smooth
function h on BB = BB(1) with boundary condition
h(w1, · · · , ρie
√−12πβi , · · · , wn) = e
√−12π(1−βi)h(w1, · · · , ρi, · · · , wn),
we have ∫
BB
|h|2ωnB ≤ CB(
∫
BB
|dh| 2nn+1ωnB)
n+1
n .
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Note that CB blows up when one βi tends to 1.
By above two lemmas and Gehring’s inverse Ho¨lder Inequality we have the following
estimate:
Lemma 4.5. (Lemma 2.4 [38]) There is some q > 2, which may depend on β1, · · ·βm, ||uij¯||L∞
and ||Fij¯||L∞ such that for any B2r(y) ⊂ U, we have(
r−2n
∫
Br(y)
(1 + |∇ω|2) q2ωnB
) 2
q
≤ Cr−2n
∫
Br(y)
(1 + |∇ω|2)ωnB,
where ω =
√−1∂∂¯u and C is a uniform constant.
Compare
√−1∂∂¯u with the solution to a boundary value problem, consider the above
lemma and use a monotonicity property we have
Lemma 4.6. (Lemma 2.5 [38]) For any y ∈ V and B4r(y) ⊂ U and σ < r, we have∫
Bσ(y)
|∇ω|2ωnB − cr2n
≤C
[(σ
r
)2n−4+2min{β−11 ,··· ,β−1m }
+
(
r2−2n
∫
Br(y)
|∇ω|2ωnB
) q−2
q
]∫
Br(y)
|∇ω|2ωnB. (4.4)
Now we still need the following lemma which can be proved by integration by parts
and Moser’s iteration:
Lemma 4.7. (Lemma 2.7 [38]) For any ǫ0 > 0, there is an l depending on ǫ0, ||∆u||L∞
and inf ∆F satisfying that for any r˜ > 0 with Br˜(y) ⊂ U, there is r ∈ [2−lr˜, r˜], such that
r2−2n
∫
Br(y)
|∇ω|2ωnB ≤ ǫ0. (4.5)
Combine above two lemmas we could have the following monotonicity inequality:
σ2ν + σ2−2n
∫
Bσ(y)
|∇ω|2ωnB ≤ ξ
(
r2ν + r2−2n
∫
Br(y)
|∇ω|2ωnB
)
,
where r ≤ r0 small, σ = λr for some λ ∈ (0, 1), ν = min{β−11 , · · · , β−1m } − 1 > α and
ξ = λα. Then Proposition 4.2 follows from a standard iteration and the whole proof of
Theorem 1.1 is complete.
5. Proof of Theorem 1.2
In this section we supply a detailed proof for Theorem 1.2, which is not only a uniform
estimate for the conic background geometry but also provide another possible approach
for the Laplacian estimates in conical geometric problems. We will compute along Li-
Rubinstein’s approach in the appendix of [18]. First, as [18], we denote gˆ, g as the Ka¨hler
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metrics associated to ω0, ω.Without loss of confusion we temporarily still use ω0 to repre-
sent the whole background metric even if the precise form is ω0 +
√−1∂∂¯ϕ in the second
case of the main theorem. Here we only deal with the most complicated case that the
point we consider is near the intersection of all divisors. For other cases the estimates will
be similar but easier. Now we extend Lemma A.2 in [18] which came from [39] originally
to choose appropriate local holomorphic frames and coordinate system near the intersec-
tion (actually by the private communication Y. Rubinstein also gave the same extension),
which we will use in the following computation:
Lemma 5.1. There exists ǫ0 > 0 such that if 0 ≤ distgˆ(p,Dr) ≤ ǫ0 for all r = 1, · · · , m,
then we can choose local holomorphic frames er of each holomorphic line bundle [Dr]
and local holomorphic coordinates (z1, · · · , zn) valid in a neighborhood of p, such that
(i)Sr = zrer, and ar := ||er||2r satisfies ar(p) = 1, dar(p) = 0, ∂
2ar(p)
∂zi∂zj
= 0, and (ii)
gˆij¯(p) = 0 for i ≤ m, j > m, and gˆij¯,k(p) = ∂∂zkω0(
∂
∂zi
, ∂
∂z¯j
)|p = 0, whenever j > m.
Proof. Actually this proof can be modified from the proof of Lemma A.2 in [18]. Fix
any point q on the intersection of D1, · · · , Dm, and choose local holomorphic frames
e′1, · · · , e′m and holomorphic coordinates (w1, · · · , wn) in Bgˆ(q, ǫ(q)) for some sufficient
small ǫ(q). Let Sr = f
′
re
′
r with f
′
r holomorphic functions and ||e′r||2r = cr. Let er = Fre′r
for some nonvanishing holomorphic functions Fr to be determined later. Then we have
ar = ||Fre′r||2r = |Fr|2cr. Now fix any point p ∈ Bgˆ(q, ǫ(q)). In order for ar to satisfy
condition (i) with respect to coordinates (w1, · · · , wn) at point p, we choose Fr such that
Fr(p) = cr(p)
− 1
2 and
∂wiFr(p) = −c−1r Fr(p)∂wicr(p) = −c
− 3
2
r ∂wicr(p)
∂wi∂wjFr(p) = −c−1r (Fr∂wi∂wjcr + ∂wicr∂wjFr + ∂wiFr∂wjcr)(p)
= −c−
3
2
r ∂wi∂wjcr(p) + 2c
− 5
2
r ∂wicr∂wjcr(p).
Since cr = ||e′r||2r is nonzero as ǫ(q) is small, which implies |w − w(p)| is small, we can
assume Fr 6= 0 in Bgˆ(q, ǫ(q)). Now Sr = f ′re′r = frer with fr = f ′rF−1r holomorphic
functions. As Dr = {zr = 0} are smooth divisors, we can assume that ∂wrfr(q) 6= 0,
but ∂wsfr(q) = 0 for s 6= r among 1, · · · , m, and choose small ǫ(q), we can assume that
∂wrfr 6= 0 but ∂wsfr(q) sufficiently small for s 6= r among 1, · · · , m, in Bgˆ(q, ǫ(q)). Then
by the inverse function theorem,
z1 = f1(w1, · · · , wn), · · · , zm = fm(w1, · · · , wn), zm+1 = wm+1, · · · , zn = wn
are holomorphic coordinates in Bgˆ(q, ǫ(q)/2) and now Sr = fr(w)er = zrer. By the chain
rule, (i) holds locally in the new coordinates. By covering argument (i) holds globally.
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For (ii), we denote by w1, · · · , wn the coordinates obtained in (i). First we can make a
coordinate change such that at the point p, ∂
∂zj j>m
perpendicular to ∂
∂zj j≤m
. Let
z˜k = wk − wk(p) + 1
2
bkst(w
s − ws(p))(wt − wt(p)),
with bkst = b
k
ts, define a new coordinate system. Then we have that
ω0(
∂
∂wi
,
∂
∂w¯j
) = ω0(
∂
∂z˜i
,
∂
∂ ¯˜zj
) + gˆtj¯b
t
is(w
s − ws(p)) + gˆit¯btsj(ws − ws(p))
+O(
n∑
r=1
|wr − wr(p)|2),
dij¯k :=
∂
∂wk
ω0(
∂
∂wi
,
∂
∂w¯j
)|p = ∂
∂z˜k
ω0(
∂
∂z˜i
,
∂
∂ ¯˜zj
) + gˆtj¯(p)b
t
ik =: eij¯k + gˆtj¯(p)b
t
ik.
Let gˆ′rs¯ := gˆrs¯, for r, s > m, and denote the inverse of the (n−m)×(n−m) matrix [gˆ′rs¯] by
[gˆ′rs¯]. Let brik = 0 for r = 1, · · · , m. Then for each j > m, the equations can be rewritten
as dij¯k −
∑
t>m
gˆtj¯(p)b
t
ik = eij¯k. Hence if we define b
t
ik =
∑
j>m
gˆ′tj¯dij¯k for each t > m, we will
have that eij¯k = 0 for each j > m. Finally, we set z
r = z˜r + wr(p) for each r = 1, · · · , n,
then these coordinates satisfy conditions (i) and (ii). 
Using Lemma 5.1, we can compute the metric tensors and their derivatives as following:
gij¯ = gˆij¯ +
m∑
r=1
(
βr||Sr||2βrr (log ||Sr||2r)i
)
j¯
= gˆij¯ +
m∑
r=1
(
β2r
(||Sr||2r)i(||Sr||2r)j¯
||Sr||4−2βrr
− βr||Sr||2βrr Θr,ij¯
)
,
where the last equality comes from Poincare-Lelong equation and Θr = −
√−1∂∂¯ log ar
represents the curvature form of the line bundle [Dr]. Now for the first order derivatives,
we have
gij¯,k = gˆij¯,k +
m∑
r=1
β2r (βr − 2)(||Sr||2r)i(||Sr||2r)j¯(||Sr||2r)k
||Sr||2(3−βr)r
+
m∑
r=1
β2r
(||Sr||2r)ik(||Sr||2r)j¯ + (||Sr||2r)i(||Sr||2r)j¯k
||Sr||2(2−βr)r
−
m∑
r=1
(
β2r
(||Sr||2r)k
||Sr||2(1−βr)r
Θr,ij¯ + βr||Sr||2βrr Θr,ij¯,k
)
,
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Note that ||Sr||2r = ar|zr|2, using (i) of Lemma 5.1, we can obtain the second order
derivatives at p:
gij¯,kl¯(p) =gˆij¯,kl¯ +
m∑
r=1
β2r (βr − 1)2
|zr|2(2−βr) δriδrjδrkδrl
+
m∑
r=1
β3r
|zr|2(1−βr) (ar,ij¯δrkδrl + ar,il¯δrkδrj + ar,kj¯δriδrl + ar,kl¯δriδrj)
+
m∑
r=1
β2r |zr|2βr
(
(ar,ikl¯δrj + ar,ij¯kδrl)zr + (ar,ij¯l¯δrk + ar,j¯kl¯δri)z¯r
)
+
m∑
r=1
β2r |zr|2βr(ar,ij¯ar,kl¯ + ar,il¯ar,kj¯)|zr|2 −
m∑
r=1
βrΘr,ij¯,kl¯.
Meanwhile we can simplify the expressions of metric tensors and first order derivatives at
point p:
gij¯(p) = gˆij¯ +
m∑
r=1
(
β2r δriδrj
|zr|2(1−βr) + β
2
r |zr|2βrar,ij¯
)
gij¯,k(p) = gˆij¯,k +
m∑
r=1
β2r (βr − 1)
|zr|2(2−βr) z¯rδriδrjδrk
+
m∑
r=1
β2r z¯r
|zr|2(1−βr) (ar,ij¯δrk + ar,kj¯δri) +
m∑
r=1
β2r |zr|2βrar,ij¯k.
For 1 ≤ r, s ≤ m, r 6= s and m+ 1 ≤ t, t′ ≤ n, we can easily have
grt¯(p) = O(|zr|2(1−βr)), gtt¯′ = O(1). (5.1)
We need the following lemma to give a more precise estimate for grs¯(p)(1 ≤ r, s ≤ m) :
Lemma 5.2.
grr¯(p) =
β−2r |zr|2(1−βr)
1 + cr(p)|zr|2(1−βr) +O(|zr|
4(1−βr)
m∑
s=1
(|zs|2(1−βs) + |zs|2βs)), (5.2)
grs¯(p) = β−2r β
−2
s |zr|2(1−βr)|zs|2(1−βs)((−1)r+sgˆsr¯ + o(1)) (r 6= s), (5.3)
where cr(p) := β
−2
r
det(gˆij¯)i,j=r,m+1,··· ,n
det(gˆij¯)i,j=m+1,··· ,n
(p) and 0 < C1 < cr(p) < C2 for all p ∈ M and
r = 1, · · · , m.
Proof. Actually we only need to prove the result for r = 1, s = 2. For simplicity we denote
aij¯ := gˆij¯(p) +
m∑
r=1
β2r ||Sr||2βrr ar,ij¯, br =
β2r
|zr|2(1−βr) ,
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then we know that gij¯ = aij¯ + biδij where i ≤ m. By determinant rule we know that
g11¯(p) = G11¯
detg
where G11¯ represents the cofactor of g11¯. Let us compute G11¯ and detg
respectively. We can denote Ar1,r2,··· ,rk,R as the (k+n-m)-th minor det(aip i¯q)r1,···rk,m+1,··· ,n,
where 1 ≤ r1 < · · · < rk ≤ m. Now make use of determinant rules, we can have such
decomposition of det g :
det g =
∣∣∣∣∣∣∣∣
b1 0 · · · 0
a21¯ a22¯ + b2 · · · a2n¯
· · ·
an1¯ · · · ann¯
∣∣∣∣∣∣∣∣
+
∣∣∣∣∣∣∣∣
a11¯ a12¯ · · · a1n¯
a21¯ a22¯ + b2 · · · a2n¯
· · ·
an1¯ · · · ann¯
∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣
b1 0 · · · 0
0 b2 · · · 0
· · ·
an1¯ · · · ann¯
∣∣∣∣∣∣∣∣
+
∣∣∣∣∣∣∣∣
b1 0 · · · 0
a21¯ a22¯ · · · a2n¯
· · ·
an1¯ · · · ann¯
∣∣∣∣∣∣∣∣
+
∣∣∣∣∣∣∣∣
a11¯ a12¯ · · · a1n¯
0 b2 · · · 0
· · ·
an1¯ · · · ann¯
∣∣∣∣∣∣∣∣
+
∣∣∣∣∣∣∣∣
a11¯ a12¯ · · · a1n¯
a21¯ a22¯ · · · a2n¯
· · ·
an1¯ · · · ann¯
∣∣∣∣∣∣∣∣
= · · ·+ · · ·
=
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
b1 0 · · · 0 · · · 0
0 b2 · · · 0 · · · 0
. . .
0 · · · bm 0
am+1,1¯ · · · am+1,n¯
· · ·
an1¯ · · · ann¯
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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+


∣∣∣∣∣∣∣∣∣∣∣∣∣∣
b1 0 · · · 0 · · · 0
0 b2 · · · 0 · · · 0
. . .
0 · · · bm−1 0
am,1¯ · · · am,n¯
· · ·
an1¯ · · · ann¯
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
+ · · ·+
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a11¯ a12¯ · · · 0 · · · a1n¯
0 b2 · · · 0 · · · 0
. . .
0 · · · bm 0
am+1,1¯ · · · am+1,n¯
· · ·
an1¯ · · · ann¯
∣∣∣∣∣∣∣∣∣∣∣∣∣∣


+ · · ·+
∣∣∣∣∣∣∣∣∣∣
a11¯ a12¯ · · · a1n¯
· · ·
am1¯ · · · amn¯
· · ·
an1¯ · · · ann¯
∣∣∣∣∣∣∣∣∣∣
=b1b2 · · · bmAR + b1b2 · · · bm
m∑
r=1
Ar,R
br
+ b1b2 · · · bm
m∑
1≤r<s
Ar,s,R
brbs
+ · · ·+ det(aij¯).
Similarly, we have that
G11¯ = b2b3 · · · bm
(
AR +
m∑
r=2
Ar,R
br
+
m∑
2≤r<s
Ar,s,R
brbs
)
+ · · ·+ det(aij¯)2≤i,j≤m,
G12¯ = −a21¯b3 · · · bmAR + · · · .
Now we can have such estimate:
G11¯
det g
= b−11
1 +
∑m
r=2
Ar,R
ARbr
+
∑m
2≤r<s
Ar,s,R
ARbrbs
+ · · ·
1 +
∑m
r=1
Ar,R
ARbr
+
∑m
1≤r<s
Ar,s,R
ARbrbs
+ · · ·
=
b−11
B
,
where
B = (1 +
m∑
r=1
Ar,R
ARbr
+
m∑
1≤r<s
Ar,s,R
ARbrbs
+ · · · ){1− (
m∑
r=2
Ar,R
ARbr
+
m∑
2≤r<s
Ar,s,R
ARbrbs
+ · · · )
+ (
m∑
r=2
Ar,R
ARbr
+
m∑
2≤r<s
Ar,s,R
ARbrbs
+ · · · )2 + · · · }
= 1 +
A1,R
ARb1
+
1
ARb1
m∑
r=2
1
br
(A1,r,R − A1,RAr,R
AR
) +O(
1
b1
m∑
r=2
1
b2r
).
Note that
aij¯ := gˆij¯(p) +
m∑
s=1
β2s |zs|2βsas,ij¯ = gˆij¯(p) +O(
m∑
s=1
|zs|2βs),
(5.2) follows. (5.3) follows from the computation of G12¯ more easily. 
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Take two unit vectors η = ηi ∂
∂zi
, ν = νi ∂
∂zi
∈ T 1,0p M, so that g(η, η)|p = g(ν, ν)|p = 1.
Then from the expression of gij¯ we have
ηr, νr = O(|zr|1−βr), ηt, νt = O(1) for r = 1, · · · , m, t = m+ 1, · · · , n. (5.4)
By the definition of bisectional curvature, we set
Bisecω(η, ν) = R(η, η¯, ν, ν¯) = Rij¯kl¯η
iη¯jνkη¯l =
∑
i,j,k,l
(Λij¯kl¯ +Πij¯kl¯),
with Λij¯kl¯ := −gij¯,kl¯ηiη¯jνk η¯l, and Πij¯kl¯ := gpq¯giq¯,kgpj¯,l¯ηiη¯jνkη¯l (no summations on i, j, k, l).
By (5.1)-(5.4) we have |Λij¯kl¯| ≤ C except for the terms
m∑
r=1
Λrr¯rr¯, hence
∑
i,j,k,l
Λij¯kl¯(p) =O(1)−
m∑
r=1
β2r (βr − 1)2
|zr|2(2−βr) |η
r|2|νr|2. (5.5)
Now we can deal with the first case in Theorem 1.2. For this case We have the following
lemma:
Lemma 5.3. In case that either no three irreducible divisors intersect or all angles βi ≤ 12 ,
there exists a uniform constant C > 0 such that for every p ∈M,∑
i,j,k,l
Πij¯kl¯(p) ≤ C +
m∑
r=1
β2r (βr − 1)2
|zr|2(2−βr) |η
r|2|νr|2. (5.6)
Proof. By Brendle’s computation in [4], we can easily bound all the terms if βi ≤ 12 for all
i. Now we consider the general case. As lemma A.3 in [18], we define a bilinear Hermitian
form of two tensors a = [aiq¯k], b = [bjp¯l] ∈ (Cn)3 satisfying aiq¯k = akq¯i, bjp¯l = blp¯j by setting
〈[aiq¯k], [bjp¯l]〉 :=
∑
i,j,k,l,p,q
gpq¯(ηigiq¯,kν
k)(ηjgjp¯,lνl).
Obviously it is a nonnegative bilinear form. We denote by || · || the associated norm. Then∑
i,j,k,l
Πij¯kl¯ = ||[aij¯k]||2. We write
gij¯,k = Aij¯k +Bij¯k +Dij¯k + Eij¯k
with
Aij¯k := gˆij¯,k, Bij¯k :=
m∑
r=1
β2r |zr|2βrar,ij¯k,
Dij¯k :=
m∑
r=1
β2r z¯r
|zr|2(1−βr) (ar,ij¯δrk + ar,kj¯δri),
Eij¯k :=
m∑
r=1
β2r (βr − 1)
|zr|2(2−βr) z¯rδriδrjδrk.
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Denote A := [Aiq¯k] and similarly B,D,E. Using (5.1), we can bound ||A+B+D||2 easily.
For the crossing terms of A, B, D and E, we have that
2Re〈A,E〉 = 2Re(
∑
i,j,k,r
grj¯ gˆij¯,kErr¯r)
≤ C
∑
i,j,k
|gˆij¯,k|2 + δ
∑
r
|zr|2(1−βr)||Err¯r||2 ≤ C + δ
∑
r
|zr|4(1−βr)gˆrr¯(p)β−2r |Err¯r|2,
where δ can be chosen small enough. By the same argument, we also have that
2Re〈B +D,E〉 ≤ C + δ
∑
r
|zr|4(1−βr)gˆrr¯(p)β−2r |Err¯r|2.
Now let us consider ||E||2 : In case that at most two divisors intersect transversely, we can
take m = 2. As there exists a uniform constant c0 < 1 such that |gˆ12¯|2(p) ≤ c20gˆ11¯(p)gˆ22¯(p),
By (5.2) and (5.3), we have that
||E||2(p) =
2∑
r=1
grr¯|Err¯r|2 +
2∑
r 6=s
grs¯Err¯rEss¯s
≤
2∑
r=1
β−2r |zr|2(1−βr)
1 + cr(p)|zr|2(1−βr) |Err¯r|
2 +
2∑
r=1
c0gˆrr¯(p)β
−4
r |zr|4(1−βr)|Err¯r|2
=
2∑
r=1
β−2r |zr|2(1−βr)
(
1 + c0gˆrr¯(p)β
−2
r |zr|2(1−βr)
1 + cr(p)|zr|2(1−βr) + o(1)
)
|Err¯r|2.
Add these estimates together when m = 2 or all cone angles βr ∈ (0, 12), we obtain that∑
i,j,k,l
Πij¯kl¯(p) ≤ C +
m∑
r=1
β−2r |zr|2(1−βr)
(
1 + (c0 + 2δ)gˆrr¯(p)β
−2
r |zr|2(1−βr)
1 + cr(p)|zr|2(1−βr) + o(1)
)
|Err¯r|2
As in our coordinate system cr(p) = β
−2
r
Ar,R
AR
= β−2r gˆrr¯(p), by choosing δ > 0 such that
2δ + c0 < 1, we obtain the lemma. 
For triple or higher multiple singularities, i.e.m > 2, generally we do not have that the
inequality 

0 −gˆ12¯ · · · (−1)m+1gˆ1m¯
−gˆ21¯ 0 · · · (−1)m+2gˆ2m¯
. . .
(−1)m+1gˆm1¯ · · · 0

 <


gˆmm¯ 0 · · · 0
0 gˆmm¯ · · · 0
. . .
0 0 · · · gˆmm¯


That is why we cannot control the crossing terms in ||E||2 by its diagonal terms so well as
m = 2. Fortunately this observation implies that we can increase the diagonal terms of gˆ
such that this matrix inequality holds for the modified metric. In applications to geometric
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problems we only change the metric in the same cohomology class. One natural idea is
to consider the new background metric with the following form
ω′0 = ω0 +
√−1∂∂¯
m∑
i=1
ϕr(||Sr||2r), (5.7)
where ϕr(||Sr||2r) behaves as λr||Sr||2r for some suitable λr > 0 near Dr = (Sr = 0)
and tends to 0 far away such that it preserves the positivity of the new background
metric. This can be done by suitable cutoff argument. To see how much this modification
changes the bisectional curvature we first compute the corresponding derivatives of the
new background metric tensors (we denote gˆ′ as the metric tensors of ω′0) as in the previous
section:
gˆ′ij¯ =gˆij¯ +
m∑
r=1
ϕ′r(||Sr||2r)(arδirδjr + ar,iδjrzr + ar,j¯δirz¯r + ar,ij¯ |zr|2)
+
m∑
r=1
ϕ′′r(||Sr||2r)(arδir z¯r + ar,i|zr|2)(arδjrzr + ar,j¯|zr|2).
At the chosen point p, by our assumption that ϕr(t) = λrt when t is small and the chosen
coordinate system, we get that
gˆ′ij¯(p) = gˆij¯(p) +
m∑
r=1
λr(δirδjr +O(|zr|)),
Meanwhile by the order of the error terms we can easily construct cut-off functions so
that after modification the new metric is uniformly equivalent to the original metric. And
similarly, we can also get that
gˆ′ij¯,k(p) = gˆij¯,k(p) +O(1), gˆ
′
ij¯,kl¯
(p) = gˆij¯,kl¯(p) +O(1).
Using these estimates in the computation of the previous section, we find that almost
any estimates do not change except for the estimate of ||E||2, due to the change of the
background metric tensors. Let us rewrite this formula for the modified metric:
||E||2(p) =
m∑
r=1
g′rr¯|Err¯r|2 +
m∑
r 6=s
g′rs¯Err¯rEss¯s
≤
m∑
r=1
β−2r |zr|2(1−βr)
1 + c′r(p)|zr|2(1−βr)
|Err¯r|2
+ β−2r β
−2
s |zr|2(1−βr)|zs|2(1−βs)(−1)r+s(gˆ′sr¯ + o(1))Err¯rEss¯s.
As in the lemma 5.3, we need to control the second term by the diagonal terms. Now we
could choose λr large enough, r = 1, · · · , m so that for some constant c′0 < 1 the following
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inequality holds for all points lying in some tubular neighborhood of the simple normal
crossing divisor D :

0 −gˆ′12¯ · · · (−1)m+1gˆ′1m¯−gˆ′21¯ 0 · · · (−1)m+2gˆ′2m¯
. . .
(−1)m+1gˆ′
m1¯ · · · 0

 < c′0


gˆ′11¯ 0 · · · 0
0 gˆ′22¯ · · · 0
. . .
0 0 · · · gˆ′mm¯


Then the corresponding estimate will follow as above and the following proposition holds:
Proposition 5.4. In general situations (triple or higher multiple singularities with arbi-
trary cone angles), there exist a smooth function ϕ0 =
m∑
i=1
ϕr(||Sr||2r) where ϕr(t) = λrt
for some enough large constants λr, r = 1, · · · , m near 0 and vanish when t is larger, such
that there exists a uniform constant C > 0 such that for every p ∈ M, and new metric
ω′ǫ = ωǫ +
√−1∂∂¯ϕ,
∑
i,j,k,l
Πij¯kl¯(p) ≤ C +
m∑
r=1
β2r (βr − 1)2
|zr|2(2−βr) |η
r|2|νr|2. (5.8)
Combine Lemma 5.3 and this proposition, the proof of Theorem 1.2 is finished.
As a possible application of this curvature estimate, we remark that if the linear theory
in [15] [18] could be established for simple normal crossing divisor, this curvature esti-
mate could enable us to establish A priori Laplacian estimate for the solutions along the
continuity path. For simplicity we only establish the A priori estimate for the solution to
the conical Ka¨hler-Einstein equation (2.3). We denote
ωbg := ω0 + ǫ
m∑
r=1
√−1∂∂¯||Sr||2βr +
√−1∂∂¯ϕ0
as the background conic metric whose bisectional curvature has an upper bound Λ on
M \D, where ǫ is small and ϕ0 ∈ PSH(M,ω0)∩C∞(M). Actually it is equivalent to the
standard conic metric ωcone defined in (1.3). For any δ > 0, put
Q := log(
m∏
r=1
||Sr||2δtrωϕωbg)− A(ϕ− ϕ0 − ǫ
m∑
r=1
||Sr||2βr).
On M \D, as ωϕ has positive Ricci curvature and the bisectional curvature of ωbg is less
than Λ, using Chern-Lu’s Inequality we immediately have that
∆Q ≥ (A− Λ)trωϕωbg + δ
m∑
r=1
trωϕR(|| · ||r)− An.
Take A = Λ+1, as an assumption for the A priori bound, we know that trωϕωbg is bounded
and moreover satisfies Ho¨lder continuity near the divisor, we know that the maximal of
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Q on M is attained at p ∈M \D, where
trωϕωbg(p) ≤ −δ
m∑
r=1
trωϕR(|| · ||r) + (Λ + 1)n ≤ (Λ + 1)n,
by maximal principle. As ϕ, ϕ0 are uniformly bounded on M we conclude that it holds
that trωϕωbg ≤ C0∏m
r=1 ||Sr||2δ . Let δ tend to 0 we prove that
ωϕ ≥ C1ωbg.
By the conical Monge-Ampere equation (2.3) it is easy to see that ωnϕ is equivalent to ω
n
bg
so
ωϕ ≤ C2ωbg.
Thus this estimate could generalize the original Laplacian estimate in [18] to simple normal
crossing divisor case.
6. Further discussions
By the proof of Theorem 1.1 we notice that the existence of Ka¨hler-Einstein metric
guarantees the properness of the smooth Ding functional or Mabuchi functional by [35],
which is used to derive the properness of twisted functionals. In this sense, under the
assumptions of divisors, the existence of one conical Ka¨hler-Einstein metric implies the
existence of conical Ka¨hler-Einstein metrics with smaller cone angles and the constant µ :
Theorem 6.1. Given a Fano manifold (M,ω0) which satisfies all the assumptions in
Theorem1.1 except for replacing the existence of Ka¨hler-Einstein metric by the existence
of one conical Ka¨hler-Einstein metric ωµ0 ∈ c1(M) such that
Ric(ωµ0) = µ0ωµ0 +
m∑
r=1
2π(1− βr,0)[Dr]
then for µ ∈ (0, µ0), corresponding conical Ka¨hler-Einstein metrics still exist.
Note that the properness of the twisted Ding functional corresponding to µ0 could be
derived from a modification of [40] and we want to thank Professor X. H. Zhu for pointing
out this to us.
Another interesting problem is the requirement of the coefficients cr, λr. In one smooth
divisor case, by [22] [32] such similar requirement is necessary due to the obstruction of
log-K stability and the example of P2 with a quadratic curve shows this point. But in the
case of simple normal crossing divisor with m ≥ 2, such obstruction will be much more
subtle, e.g, toric examples constructed in [32]. We hope to investigate and analyze more
general cases in the future.
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